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ABSTRACT 
Let B be a convex domain in C2 symmetric with respect to the origin and let f (z, w) run over the 
class of analytic functions on B which vanish at the origin. What is the minimum of the areas of 
the zero sets Z(j) in Sz? If Sz is a ball or a four-dimensional cube with edges parallel to the axes, 
the minimum area is attained only if f is a suitable linear function (Lelong-Rutishauser, Katsnelson- 
Ronkin). In the present paper it is shown that the latter is the case also if B is a tube domain 
To=((z, ~)EC’~(X,U)ED}. Thus, somewhat surprisingly, the minimum area of a zero set Z(j) 
through the origin in a convex symmetric tube domain To is precisely twice the area of the base 
D. The special case where D is a circular disc had been treated earlier by Alexander and Osserman. 
1. INTRODUCTION AND PRINCIPAL RESULT 
If a holomorphic function f on a domain in Cc” with n r2 is equal to zero 
somewhere, then it vanishes (at least) on some connected set extending to the 
boundary or to infinity, cf. the example of a linear function in n variables. 
Unless f is identically zero, the zero set 2 = Z(f) is a so-called analytic variety 
of complex codimension one, cf. [2, 31. Locally Z has a well-defined (2n - 2)- 
dimensional volume, hence in the case n = 2, an area Ar Z. It is natural to ask 
(and of importance for certain approximation problems) what the minimum 
volume or area is of a zero set through a given point of a domain. 
For a holomorphic function f on a ball in C2 which vanishes at the center, 
Lelong [6] and Rutishauser [7] found that Ar Z is a minimum for a linear 
function f (and for no other functions). There is a related theorem by 
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Katsnelson and Ronkin [5] for a 4-dimensional cube with edges parallel to the 
coordinate axes. Our result concerns convex tube domains with a symmetric 
base. It is convenient to denote points in C2 by 
(z,w)=(x+iy,u+io). 
For a domain D in the (x, @-plane, the tube To with base D is the set of points 
(z, w) in C2 with (x, u) in D. Our principal result is as follows. 
THEOREM. Let D be a bounded convex domain in R2 which is symmetric with 
respect to the origin, that is, if (x, u) is in D then so is ( -x, - u). Let T, be the 
tube domain in C2 with base D. Suppose f is a holomorphic function on To 
whose zero set Z = Z(f) contains the origin of C2. Then 
(1.1) Ar 222 Ar D, 
with equality only if Z is the intersection of To with one of the complex lines 
(analytic planes) w=iz or w= -iz. 
The special case of tubes with circular base occurs in a joint paper of 
Alexander and Osserman [l] that also deals with many other problems. Their 
method is analytic and tailored to problems involving circular symmetry, 
whereas our method is more geometric. 
One may ask if for convex symmetric domains in C2, the minimum area for 
a zero set through the origin is always attained for a linear function. The answer 
to this question is no, see the following paper [9]. 
Lelong has proved the ball theorem for general Cn [6], cf. also Stolzenberg 
[8]. Would our theorem extend to 6” with n 13? Not for zero sets: in a tube 
with bounded base, the zero set of 
z;+ . . . +2,2-1-z, 
is bounded and has finite volume, but all analytic hyperplanes intersect the tube 
in a set of infinite volume! There may, however, be an n-dimensional version 
of our theorem for the case of analytic varieties of complex dimension 1; cf. 
Alexander and Osserman [l] for tubes whose base is a ball. 
2. SOME SIMPLE FACTS 
We will always let p denote the orthogonal projection onto the (x, u)-plane, 
P(Z, w) = (x, u). 
Our first result is a particular case of the theorem which elucidates the rather 
surprising factor 2 in the area inequality (1.1). 
PROPOSITION 1. Let D be any bounded domain in lR2. Let Z be the inter- 
section of the tube To with a complex line 
w=(A+i,u)z+c or z=c. 
(Here ,I and ,a are real, while c is complex and such that V is non-empty,) Then 
Ar Z2 2 Ar D, with equality only for the complex lines w = f iz + c. 
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PROOF. We assume non-empty intersection. If ,u = 0 or if z=c we have 
Ar 2 = 03. If p # 0 one finds that above each point (x, u) ED there is precisely 
one point of 2. Parametrizing Z via the projection, a straightforward calcu- 
lation gives 
ArZ=1+L2t’2ArD)2ArD, 
IPI 
with equality if and only if A = 0 and ,U = 1.1. 
Arbitrary zero sets in C2 look locally like their complex tangent plane except 
at a discrete set of singular points. Locally, their area is at least equal to that 
of the projection onto the tangent plane. Thus one has the following 
COROLLARY 1. If Z is any zero set through the origin in T,, then 
(2.1) Ar 212 Ar* p(Z), 
where Ar* denotes an area counted with multiplicity. For irreducible zero sets 
there is equality in (2.1) only for the complex lines w = + iz. 
Three cases in the proof of the theorem. The proof of the theorem will divide 
into three cases, depending on the complement of the closure p(Z) of the 
projection p(Z) in D: 
(i) If D-p(Z) has two or more components, then Ar Z= 03. 
(ii) If D-p(Z) is empty and Ar Z< 03, then p(Z) = D. 
(iii) If D--p(Z) is non-empty but connected and Ar Z< co, then Ar p(Z) 5 
r+ Ar D and almost all points of p(Z) are covered by Z at least twice, so 
that Ar * p(Z) 2 Ar D. 
Typical examples illustrating cases (iii) and (i) are the following (cf. fig. 1): 
Z={(z,m2)I(w4W, 
Z=((z,eeZ-E)I(x,u)ED} 
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Fig. 1. 
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In dealing with case (iii) we will make use of the following 
PROPOSITION 2. Let D be a convex domain in lR2 (or in R”, n 12). Let f be 
holomorphic on the tube To and let Z = Z(f). Then every component of the 
complement of p(Z) in D is convex. 
Proposition 2 is an easy consequence of Bochner’s theorem for tube domains 
which asserts that every holomorphic function on a tube domain TB has an 
analytic continuation to the convex hull. One may apply this theorem to I/fand 
the components B of D-p(Z) to obtain the result. Cf. fig. 1 and Hdrmander 
[4] pp. 41-43. 
COROLLARY 2. If D and Z are as in the theorem and if D -p(Z) has only one 
component B, then 
Ar p(Z) r +Ar D. 
Here one makes use of the convexity of D and B, the symmetry of D and the 
fact that the origin is not in B, cf. fig. 1. 
3.ONTHEINTERSECTIONOFTHEZEROSETWITHREALHYPERPLANES 
The following auxiliary theorem is valid for arbitrary convex domains Sz in 
C2. It deals with the intersection of a zero set with a “real” hyperplane, that 
is, an affine subspace of C2= lR4 of real codimension 1. Statement and proof 
are refinements of certain observations by Rutishauser [7] and Katsnelson- 
Ronkin [5]. 
AUXILIARYTHEOREM. Let &I be a bounded or unbounded convex domain in 
C2 and let f be a holomorphic jknction on 0 with non-empty zero set Z. Let 
H be a real hyperplane in C2= lR4 which meets Z in a point Q. Then Hfl Z 
contains an open Jordan arc J through Q with the following property: each of 
the subarcs into which Q divides J either tends to the boundary BQ or to 
infinity. 
PROOF. By an affine transformation in C2 we may assume that QE Z is the 
origin and that H is the hyperplane u =O. We may also assume that Z is 
irreducible and that it is not the restriction to 52 of the plane w = 0: if it were, 
one could take J along the x-axis. It follows that the holomorphic functions 
f(z, c) of one variable are not identically zero on the convex domains where they 
are defined (or else the restriction to D of some plane w=c would be part of 
Z). Since D is convex, the second Cousin problem for G! is always solvable. 
Choosing local representations for 2 without multiple irreducible factors (cf. 
[2, 3]), we obtain Cousin-II data for Z which give us a (possibly new) holo- 
morphic function f on 52 such that Z = Z(j) and 
(3.1) the set Z(j) n Z(c)f&) is discrete. 
(Actually, it would be enough to have (3.1) locally; the solvability of the global 
Cousin problem is not essential for us.) 
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The points (z, w) in 0 with u = 0 form a convex subset of H, hence the convex 
“slices” 
S,=(zEc~(z,iv)E52} 
are non-empty precisely for v in some maximal interval (a, b). We define a 
continuous family of holomorphic functions {f&)}, v E (a, b) by 
f,(z)=f(z,iv), ZES,. 
For suitable intervals IC (a, b) we then introduce the integrals 
(3.2) n,(v)=L 1 
.fm - dz, VEI, 
25 c, .fJz) 
dz, VEI. 
Here C, is a circle which belongs to S, for all u E I. If f, has no zero on C, for 
any VEX, the functions Q(U) and pl(v) are continuous. In fact, by the 
argument principle or the residue theorem, 
nl(v) = number of zeros z(v) off, inside C,, 
&o) = C z(u), z(v) inside C,, 
where the zeros are counted with multiplicities. 
We know that 0 is a zero of fO; let us assume for the moment that it is a 
simple zero (but see below). Taking a sufficiently small interval I= (05 v < u1 > 
and a sufficiently small circle C, about 0, it follows from (3.2), (3.3) that in a 
small neighborhood of the origin, the set Ml Zn {u L 0} is given by a half-open 
Jordan arc Ji, 
(3.4) J1 : {(c40), iv), 0 5 v < 4 1, P(U) = VI(V), ~(0) = 0. 
We will show that J1 can be extended to a maximal half-open Jordan arc J, 
in Hrl Zn {or 0}, and that this arc tends to oD or to infinity. 
Suppose that J, belongs to a compact subset K of Q. Then lim q(o) as vtv, 
exists and J, can be extended over the closed interval [0, ul]. Indeed, any limit 
point zi of q(o) for vtv, will be a zero of lo,: if z1 = lim V)(Q) with sktvl, then 
(zi, ivl) belongs to KC Sz and 
&(zI> =f(zb W = lim f(t4@, tsk) = 0. 
Now the zeros off,, are discrete, hence q(o) can have only one limit point zt 
for vtu,. (If there were another, z[ =lim &i), then the arcs 
z = p(v), w = iv, v E [Sk, ~$1 
in K would for k+ 00 produce a continuum of zeros off,, .) 
If zr = q(oi) is a simple zero off,, we can extend our arc over an interval 
[vt, v2) by the same process that we started with. Suppose now that z1 is a zero 
of f,, of multiplicity m 12. Then bf/dz = 0 at (zi, ivl), hence by (3.1) there is 
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a neighborhood of (z,, iot) which contains no other point (z, io) such that z is 
a multiple zero off,. Thus z1 will be a limit of m simple zeros z(u) off, as 
u~u,. Following one such zero z(u) down to z1 with the aid of shrinking circles, 
(3.3) gives us a Jordan arc 
{(PI(U)2 iux 02 > 0 > 011 
which goes back to the point (z,, iui): &u)-+zi as t&r. This arc can thus be 
extended over the interval u2> 01 ul. Combination with Jr gives us a Jordan 
arc J2 in HnZ defined for 01 UC u2; it can be extended over [0, u2] if it 
belongs to a compact subset of 9. 
Continuing this process we obtain a maximal Jordan arc 
J, : {(~(u),iu),O~uq3} in NflZ. 
This arc can not belong to a compact subset of 0, for otherwise it could be 
extended over the closed interval [O,p] and beyond. One can similarly construct 
a maximal Jordan arc J- from 0 in HnZ which corresponds to negative 
values of u. Attaching it to J, we obtain a Jordan arc J of the desired form. 
4.SOMECASESWHERE ZHAS INFINITE AREA 
From here on we let 52 be a convex tube domain To in C2 with bounded base 
D. We let f be a holomorphic function on To not identically zero and set 
Z = Zdf). As before p will denote orthogonal projection onto the (x, u)-plane. 
PROPOSITION 3. Suppose that the zero set Z contains a sequence of points 
(Qk} which goes to infinity but which has positive distance 6 to the comple- 
ment of the tube. Then Ar Z= 00. 
PROOF. By taking a subsequence, if necessary, we may assume that any two 
of the points Qk are at least a distance 26 apart. The balls B(Qk,8) will then 
be disjoint. They lie in To and Zcf) passes through their centers Qk. Thus by 
the Lelong-Rutishauser theorem, Zdf) intersects each of the balls B(Qk, 6) in a 
subset of area 27~6~. 
The following proposition will take care of case (i) in the proof of the 
theorem (cf. section 2). 
PROPOSITION 4. Suppose that D-p(Z) has at least two components. Then 
Ar Z=o3. 
PROOF. Let Br and B2 be two different components of D-p(Z); by propo- 
sition 2, the sets Bj are convex. Since p(Z) is dense in p(Z), we can choose a 
line L in the (x, @-plane which intersects B1 and Bz and which passes through 
a point M of p(Z) between Br and B2. The hyperplane H=p-‘(L) then 
contains a point Q E Z above M. By the auxiliary theorem, Hn Z will contain 
a Jordan arc J through Q which goes to the boundary of To or to infinity. In 
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the present case, such an arc J must go to infinity. Indeed, J can not go to the 
boundary of To because its projection lies on L between B1 and BZ. Since J 
stays a positive distance 6 away from the complement of the tube, proposition 
3 shows that Ar 2 = M. 
5. PROOF OF THE THEOREM 
We let To and f be as in the theorem. It will be sufficient to consider the 
case where 2 is irreducible. We may also assume that Ar .Z< 03, cf. (1.1). By 
proposition 4, D-p(Z) then has at most one component; by proposition 2, 
such a component B is convex. 
PROPOSITION 5. Suppose that Ar Z< 03. Then the projection p(Z) is closed 
in D. 
PROOF. Let R be a limit point of p(Z) in D and let {Mk} be a sequence of 
distinct points of p(Z) converging to R. Let Qk be a point of Z above I$, 
k=1,2,.... Because of proposition 3, the sequence {Qk) must be bounded (or 
else Z would have infinite area), hence it has a finite limit point Q which must 
lie above R in TD. Since f(Qk) = 0 it follows that f(Q) = 0. Thus R =p(Q) with 
QEZ. 
Proof of the theorem, case (ii) (cf. section 2). If D-p(Z) is empty and 
Ar Z< 03, then by corollary 1 and proposition 5, 
Ar Zr2 Ar p(Z)=2 Ar p(Z)=2 Ar D, 
with equality only if Z is the intersection of T, with one of the complex lines 
w= +iz. 
Case (iii). We finally suppose that B = D -p(Z) is non-empty but connected 
and that Ar Z< 03, so that p(Z) =p(Z) (proposition 5). We will show that in 
this case, any given point Min the interior of p(Z) is covered at least twice by Z. 
Let L be a line through M which intersects B. Keeping in mind the convexity 
of B and D, we let R be the point of L tl bB between M and B and we let S be 
the point of L (7 aD such that M lies between R and S. The point R Ed will 
belong to p(Z); we let Q be a point of Z above R. By the auxiliary theorem, 
the hyperplane H=p- ‘(L) will contain a maximal Jordan arc J of Z through 
Q. In the present case, such an arc J must tend to the boundary of To in each 
of its two directions from Q. 
Indeed, if J would contain a sequence of points {Qk} which goes to infinity 
and which stays at a positive distance from the complement of T,, then Ar Z 
would be infinite, cf. proposition 3. 
Since J lies above RS, each of the two subarcs into which Q divides J must 
contain a point above M. It follows that the whole interior of p(Z) is covered 
at least twice by Z. Since the boundary of p(Z) has area zero, corollaries 1 and 
2 yield the conclusion 
Ar Z>2 Ar*p(Z)r4 Ar p(Z)12 Ar D. 
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(There is strict inequality in the first step because case (iii) precludes the 
exceptional case in corollary 1.) 
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